Group-Subgroup Relations |.
General Considerations

. Subgroups: index, coset decomposition
and normal subgroups

ll. Conjugate elements and conjugate subgroups,
factor groups

l1l. Normalizers




DEFINITION. The symmmetry operations of
an object constitute its

DEFINITION. A isaset G ={e,91,92,93...

together with a product o, such that

i) G is "closed under o": if g1 and g, are any
two members of G then so are gy1og> and grog1;
ii) G contains an identity e: for any g in G,
eog=goe =g,

iii) o is associative: (g10¢92)093 = g10(g209g3);
iv) Each ¢ in G has an inverse ¢~ 1 that is also

in G: gog =g log=ce.
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If every element of G can can be written as a
product of elements of some subset {g1,..., 9%},
then this subset generates G.

Find a set of two generators for the symmetry

group of the square.

<

m
y

-1,-1

3

apply this element first

1 2 44 'mymimym_

111 2 44 'mymemym_
212 1471 4 mym_mym4
4144712 1 mymym_my,
M4 1 2 momymymyl
Mglme mym_my4 1 471 2 4
myfm.m_mzm, 4 1 471 2
mylmy meymym_ 2 4 1 471

[m_[m_m+mymx4_1 2 4 1

Multiplication table of 4mm
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Subgroups: Some basic results (summary)

Subgroup H < G

|. H={e,h,h,....h} c G
2. H satisfies the group axioms of G

Proper subgroups H < G, and
trivial subgroup: {e}, G
Index of the subgroup H in G: [i]=|G]/|H]|
(order of G)/(order of H)

Maximal subgroup H of G

NO subgroup Z exists such that:
H<Z<G
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Supergroups: Some basic results (summary)

Supergroup G>H
H={e,hi,hy,...,.h} c G

Proper supergroups G>H, and
trivial supergroup: H

Index of the group H in supergroup G: [i]=|G|/|H|
(order of G)/(order of H)
Minimal supergroups G of H

NO subgroup Z exists such that:
H<Z<G
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Coset decomposition G:H

Group-subgroup pair H < G

left coset G=H+gH+...+gH, gizH,
decomposition m=index of H in G

right coset  G=H+Hg)+...+Hgn, gi¢H
decomposition m=index of H in G

Coset decomposition-properties
i) gH ngH ={2},if g ¢ gH
(i) |gH]| = [H]
(i) gH =gH, g € gH

martes 23 de junio de 2009



Coset decomposition G:H

Normal

He= gH, f Il ¢=1, ..., [i
subgroups gi— g, Tor all g [i]

Theorem of Lagrange

group G of order |G| chen IH| is a divisor of |G]
subgroup H<G of order |H| and [i]=|G:H]

The order k of any
element of G,
gk=e, is a divisor of |G|

Corollary
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Conjugate elements

Conjugate elements g~ gk if 3 g:g"'gig = g,
where g, gi, g1, € G

Classes of conjugate | (g)={g| g'gig = g, geG}
elements

Conjugation-properties

(i) L(g) n L(gy) = {2} if g & L(g)
(ii) |L(g)| is a divisor of |G|  (iii) L(e)={e}
(iv) if g, g € L, then (g)"=(g)= e
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Conjugate subgroups

Conjugate subgroups Let H|<G, H2<G
then,H| ~ Hy, if 3 geG: g'Hg = H,
(i) Classes of conjugate subgroups: L(H)
(i) If H) ~ Hy, then H| = H;
(iii) [L(H)| is a divisor of |G|/|H]

Normal subgroup

Ha G,if g'Hg = H, for vgeG
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Factor group

Ki={gi1,&2,--+&in}
product of sets: G={e, g,....8} L Ki={gk1,8k2,...,8km}

Ki Kik={ gipgka=2r | gip € Kj, gkq €Kk} Each element g, is taken
only once in the product
K] KI(

factor group G/H: HG
G=H+gH+...+gnH, gigH,
G/H={H, g2H, ..., gmH}
group axioms:
(i) (g&R)(gH) = giH
(i) (gH)H =H(giH)= gH

(iii) (gH)" = (g7")H
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EXERCISES

Demonstrate that H is always a
Problem 3.{ normal subgroup if |G:H|=2.

The group of the square and its
Problem 3.2 subgroups

m. m m,
\ / 1 2 44 'mymimym_

1,1 1,1 111 2 447 'mymyemym_
3 2 212 1474 mym_mzm4

4144712 1 mymym_m,
U=t 4 1 2 m_mymym,l
s ¢ b Ty Me|me mym_my 1 471 2 4
mymim_mzm, 4 1 471 2
mylmy, memim_ 2 4 1 471
o o > [m_[m_m+myma,4_1 2 4 1

% "y k Multiplication table of 4mm
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Problem 3.1 SOLUTION

(i) Classes of conjugate elements
{e}, {44}, {2}, {mwmy}, {m+,m }

(i) Group-subgroup diagram

order
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Problem 3.3

Consider the normal subgroup
{e,2} of 4mm, of index 4.

(i) Coset decomposition 4mm: {e,2}

(i) Show that the cosets of the decomposition 4mm:{e,2}
fulfil the group axioms and form a factor group

(iii) Multiplication table of the factor group

(iv) A crystallographic point group
isomorphic to the factor group!?
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Problem 3.3 SOLUTION

(i) coset decomposition

{e,2}, {4,4°}, {mymy}, {m+,m.}
E A B C

(i) factor group and multiplication table

- A B C Multiplication table
ElE A B C of the Vierergruppe
A | A £ C b Example: 222
B B C E A
C C B A E
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Normalizer of Hin G

Normal subgroup

H<1 G,if g'Hg = H, for vgeG

Normalizer of H in G, H<G

Ng(H) ={geG, if g¢'H g = H}
G = Ng(H) = H

What is the normalizer Ng(H) if HI G?
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Problem 3.4

Consider the group 4mm and its subgroups of index 4.
Determine their normalizers in 4mm.
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Problem 3.5
Plane point groups

(1) Consider the following 10 figures of the symmetry elements and the
general positions of the plane point groups.

a) Determine the order of the point groups and arrange them ver-
tically by descending point-group orders (¢.e. the point group of
highest order at the top, and that of lowest order at the bottom).

b) Determine the complete group-subgroup graph for all plane point
groups.

(2) Consider the point group 2mm. Determine its maximal subgroups,
its minimal supergroups and the corresponding indices.
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3) a)
b)

c)

d)

Problem 3.5

Plane point groups

Determine all subgroups of the crystal class 222 . 4 und 32.
mmm-*® m ™m

Determine the maximal subgroups of these crystal classes and
the corresponding indices.

Which of the maximal subgroups of Ti 3& Ti appears more than
once in non-equivalent orientations?

How these subgroups are oriented with respect to the axes a, b
and c of the supergroup?

The point group 3% has several equivalent subgroups of the type

%, the so-called conjugated subgroups.

How many such subgroups are there?
Indicate the symmetry elements of the conjugated subgroups T%

of 3% on the symmetry-element stereogram of the point group
5 2
3_0

m
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Crystallographic Point Groups

Stereographic Projections
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Stereographic Projections

Monoclinic Orthorhombic
Point Groups Point Groups
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Tetragonal Point Groups

Stereographic Projections
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Order

Problem 3.5 12

SOLUTION i
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Problem 3.5

SOLUTION

(2) Minimal Supergroups: 4mm Index: 2

omm Index: 3

Maximal Subgroups: m  Index: 2
2 Index: 2
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Problem 3.5 SOLUTION
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b) Maximal subgroups

Problem 3.5 ) 5 o

+ 222  Index 2
o 2 Index 2

mm

SOLUTION i

- ndex 2
2 4 Index 2
2 Index 2

™m
4 Index 2
3% 32 Index 2
3m Index 2
3 Index 2

2
- Index 3

) mm2 as 2mm, m2m and mm2 with the two-fold axis along a, b and
c correspondingly.

% written in full symbols 7%11, 17%1 and 11%With the monoclinic
axis along a, b and c of the supergroup, correspondingly.
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Problem 3.5

SOLUTION

//\\ 7\\

/ \ / \

/ \ / \

I \ |/ \
\l/ -

S B

\ / \ /'

\ / \ /

\ / \

2 \\/ \ //

m Y~_L_--

martes 23 de junio de 2009



