
Group-Subgroup Relations I. 
General Considerations 

I. Subgroups: index, coset decomposition 
and normal subgroups
II. Conjugate elements and conjugate subgroups,

factor groups
III. Normalizers
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apply this element first
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Subgroups: Some basic results (summary)

Subgroup H < G

1. H={e,h1,h2,...,hk} ⊂ G
2. H satisfies the group axioms of G

Proper subgroups H < G, and 
trivial subgroup: {e}, G 

Index of the subgroup H in G: [i]=|G|/|H|
                        (order of G)/(order of H)

Maximal subgroup H of G
NO subgroup Z exists such that: 

H < Z < G 
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Supergroups: Some basic results (summary)

Supergroup  G>H 

 H={e,h1,h2,...,hk} ⊂ G

Proper supergroups G>H, and 
trivial supergroup: H 

Index of the group H in supergroup G: [i]=|G|/|H|
                        (order of G)/(order of H)

Minimal supergroups G of H

NO subgroup Z exists such that: 
H < Z < G 
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Coset decomposition G:H

Group-subgroup pair H < G

left coset 
decomposition

right coset
 decomposition

G=H+g2H+...+gmH, gi∉H, 
m=index of H in G

G=H+Hg2+...+Hgm, gi∉H
m=index of H in G

Coset decomposition-properties

(i) giH ∩ gjH = {∅}, if gi ∉ gjH

(ii) |giH| = |H|

(iii) giH = gjH, gi ∈ gjH 
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Theorem of Lagrange

group G of order |G|
subgroup H<G of order |H| 

then
|H| is a divisor of |G|
and [i]=|G:H|

Corollary The order k  of any 
element of G,
gk=e, is a divisor of |G|

Normal 
subgroups

Hgj= gjH, for all gj=1, ..., [i]

Coset decomposition G:H
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Conjugate elements

Conjugate elements gi ~ gk if ∃ g: g-1gig = gk,
where g, gi, gk, ∈ G 

Classes of conjugate 
elements

L(gi)={gj| g-1gig = gj, g∈G}

Conjugation-properties

(iii) 

(i) L(gi) ∩ L(gj) = {∅}, if gi ∉ L(gj)

(ii) |L(gi)| is a divisor of |G|

(iv) if gi, gj ∈ L, then (gi)k=(gj)k= e

L(e)={e}
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Conjugate subgroups

Conjugate subgroups Let H1<G, H2<G

then, H1 ~ H2, if ∃ g∈G:  g-1H1g = H2

(i) Classes of conjugate subgroups: L(H)

(ii) If H1 ~ H2, then H1 ≅ H2

(iii) |L(H)| is a divisor of  |G|/|H|

Normal subgroup

 H   G, if g-1H g = H, for ∀g∈G
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Factor group

product of sets:  
Kj={gj1,gj2,...,gjn}
Kk={gk1,gk2,...,gkm}

Kj Kk={ gjpgkq=gr | gjp ∈ Kj, gkq ∈Kk} Each element gr is taken 
only once in the product 
Kj Kk 

G={e, g2, ...,gp} {

factor group G/H:  H   G
G=H+g2H+...+gmH, gi∉H, 
G/H={H, g2H, ..., gmH}

(i) (giH)(gjH) = gijH
(ii) (giH)H =H(giH)= giH

(iii) (giH)-1 = (gi-1)H 

group axioms:  
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EXERCISES

Problem 3.1 Demonstrate that H is always a 
normal subgroup if |G:H|=2.

Problem 3.2 The group of the square and its 
subgroups
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Problem 3.1 SOLUTION

(i) Classes of conjugate elements
{e}, {4,4-1}, {2}, {mx,my}, {m+,m-}

(ii) Group-subgroup diagram
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Problem 3.3

Consider the normal subgroup 
{e,2} of 4mm, of index 4.

(i) Coset decomposition 4mm: {e,2}

(ii) Show that the cosets of the decomposition 4mm:{e,2} 
fulfil the group axioms and form a factor group

(iii) Multiplication table of the factor group

(iv) A crystallographic point group
        isomorphic to the factor group?
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Problem 3.3 SOLUTION

(i) coset decomposition
{e,2}, {4,4-1}, {mx,my}, {m+,m-}

(ii) factor group and multiplication table

Multiplication table
 of the Vierergruppe

Example:  222

E BA C
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Normalizer of H in G

Normal subgroup

 H   G, if g-1H g = H, for ∀g∈G

Normalizer of H in G, H<G

 NG(H) ={g∈G, if g-1H g = H}

G ≥ NG(H) ≥ H

What is the normalizer NG(H) if H   G?
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Problem 3.4

Consider the group 4mm and its subgroups of index 4. 
Determine their normalizers in 4mm.
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Problem 3.5

Plane point groups
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Problem 3.5

Plane point groups
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Stereographic Projections

Crystallographic Point Groups
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Stereographic Projections

mm2

222

mmm

Orthorhombic 
Point Groups

Monoclinic
 Point Groups

2 
(unique axis b)

2 
(unique axis c)

2/m
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Tetragonal Point Groups

Stereographic Projections
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Problem 3.5

SOLUTION
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Problem 3.5

SOLUTION
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Problem 3.5 SOLUTION
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SOLUTION

Problem 3.5
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SOLUTIONProblem 3.5
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